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Matter-Wave Solitons in an F = 1 Spinor Bose–Einstein Condensate
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Following our previous work [J. Ieda, T. Miyakawa, M. Wadati, cond-mat/0404569] on a novel
integrable model describing soliton dynamics of an F = 1 spinor Bose–Einstein condensate, we
discuss in detail the properties of the multi-component system with spin-exchange interactions.
The exact multiple bright soliton solutions are obtained for the system where the mean-field
interaction is attractive (c0 < 0) and the spin-exchange interaction is ferromagnetic (c2 < 0). A
complete classification of the one-soliton solution with respect to the spin states and an explicit
formula of the two-soliton solution are presented. For solitons in polar state, there exists a
variety of different shaped solutions including twin peaks. We show that a “singlet pair” density
can be used to distinguish those energetically degenerate solitons. We also analyze collisional
effects between solitons in the same or different spin state(s) by computing the asymptotic
forms of their initial and final states. The result reveals that it is possible to manipulate the
spin dynamics by controlling the parameters of colliding solitons.
KEYWORDS: Bose–Einstein condensate, spin degrees of freedom, bright soliton, nonlinear Schro¨dinger
equation, inverse scattering method, atom optics
1. Introduction
Solitons are a universal feature of nonlinear phenom-
ena1 in many different physical areas such as particle
physics, nonlinear optics, plasma physics, fluid dynamics,
and condensed matter physics. Recently, two teams in
the US2 and France3 performed experiments that demon-
strated matter-wave bright solitons with Bose–Einstein
condensates (BECs) of gaseous 7Li atoms. In general,
solitons are formed under the balance between nonlinear-
ity and dispersion. For atomic BECs whose macroscopic
wave functions obey the Gross–Pitaevskii (GP) equation
or nonlinear Schro¨dinger (NLS) equation, the former is
attributed to the interatomic interactions while the latter
comes from the kinetic energy.
Either dark or bright solitons are allowable depending
on the positive or negative sign of the interatomic cou-
pling constants, respectively. Bright solitons created in
the experiments are themselves condensates and prop-
agated over much larger distances than dark solitons
which, on the other hand, can only exist as notches
or holes within the condensate itself.4 Those observed
matter-waves behaved like scalar fields since the spins of
condensed atoms are frozen under additional magnetic
fields. In line with this, many theoretical studies on the
bright soliton formation and propagation of attractive
BECs have been done mainly in the single component
systems.5–8
Multi-component generalization of the soliton dynam-
ics is very natural in the context of atomic BECs because
of several ways to create such systems, i.e., the mixtures
with two different atomic species/hyperfine states9 and
the internal degrees of freedom liberated under an optical
trap.10 Moreover, when one explores future applications
of matter-wave solitons in atom optics,11 such as atom
∗E-mail address: ieda@monet.phys.s.u-tokyo.ac.jp
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laser, atom interferometry, and coherent atom transport,
the multiple condensates have various potential utilities,
e. g., the multi-channel signals and their switching.
So far, multiple solitons were theoretically investigated
in two-component condensates12 and also in an arbitrary
number components system;13 the nonlinearity in both
cases consists only of the intensities, i.e., the squared
absolute values of the components. The coupled NLS
equations with such nonlinearity, often referred to as the
intensity-coupled type, are extensively used for model-
ing multi-mode optical solitons.14 In contrast, the so-
called spinor condensates,15–20 being another candidate
that supports multiple matter-wave solitons, have non-
trivial nonlinear terms reflecting the SU(2) symmetry of
the spins. The spin-exchange interactions that are the
sources of the spin-mixing within condensates21, 22 are
the exceptions of the intensity-coupled nonlinearity and
there is no analogue in conventional optics.
In our previous work,23 we discovered a novel inte-
grable model which describes the dynamics of a spinor
BEC and derived the multiple N -soliton solution. We
assume specifically an atomic condensate in the F = 1
hyperfine spin state confined in one-dimensional space.
In all-optical dipole traps, the three spin substates |F =
1,mF = 1〉, |F = 1,mF = 0〉, and |F = 1,mF = −1〉,
where mF is the magnetic quantum number, are essen-
tially free and the spinor nature of the alkali atoms can
be manifested. In this paper, we discuss the soliton prop-
erties of this system in the framework of the integrable
model, which brings us to understand the intrinsic as-
pects of this complex nonlinear system and provides a
rigid reference for further numerical and experimental
investigations.
The paper is organized as follows. In § 2, the model of
spinor condensate is presented, and its embedding into
the integrable equation is reviewed. In § 3, we briefly
summarize the inverse scattering method, the way to the
1
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exactN -soliton solutions of this model, and provide some
conserved quantities. Next, in § 4, the properties of the
one-soliton solution classified by the spin states are in-
vestigated in detail. In particular, we introduce a singlet
pair density to resolve energetically degenerate solitons
in the polar state. Then, in § 5, collisional effects between
solitons in the same or different spin state(s) are exam-
ined by analyzing the asymptotic forms of their initial
and final state. As one of the most significant phenomena
of the two-soliton collisions, spin switching is predicted.
Section 6 concludes the paper. In Appendix, we give the
explicit formula of general two-soliton solutions in this
spinor model.
2. F = 1 Spinor Condensate
Atoms in the F = 1 state are characterized by a
vectorial field operator with the components subject to
the hyperfine spin manifold. The three-component field
Ψˆ = {Ψˆ1, Ψˆ0, Ψˆ−1}T , with the superscript T denotes the
transpose, satisfies the bosonic commutation relations:
[Ψˆα(x, t), Ψˆ
†
β(x
′, t)] = δα,βδ(x− x′). (1)
Here we assume that the system is one dimensional (1D):
the trap is suitably anisotropic such that the transverse
spatial degrees of freedom is factorized from the longi-
tudinal and all the hyperfine states are in transverse
ground state. Those quasi-one dimensional regime can
be achieved experimentally (see the discussion in refs.
8). The interaction between atoms in the F = 1 hyper-
fine state is given by15, 16
Vˆ (x1 − x2) = δ(x1 − x2)(c0 + c2Fˆ1 · Fˆ2), (2)
where Fˆi are the spin operators of two atoms. In this
expression,
c0 = 4π~
2(a0 + 2a2)/3m,
c2 = 4π~
2(a2 − a0)/3m, (3)
where af are the s-wave scattering lengths for the channel
of total hyperfine spin f and m is the mass of the atom.
As a result of the symmetry required for bosonic atoms,
it can be shown that only even-f states contribute to
Vˆ (x1− x2). Therefore, in the case of F = 1 atoms, there
are two scattering channels: f = 2 for the parallel spin
collision and f = 0 for the antiparallel. According to ref.
24, the effective 1D couplings c¯0,2 are represented by
c¯0 = c0/2a
2
⊥, c¯2 = c2/2a
2
⊥, (4)
where a⊥ is the size of the transverse ground state.
Thus, the second-quantized Hamiltonian is
H =
∫
dx
(
~
2
2m
∂xΨˆ
†
α · ∂xΨˆα +
c¯0
2
Ψˆ†αΨˆ
†
α′Ψˆα′Ψˆα
+
c¯2
2
Ψˆ†αΨˆ
†
α′f
T
αβ · fα′β′Ψˆβ′Ψˆβ
)
, (5)
where repeated subscripts {α, β, α′, β′ = 1, 0,−1} should
be summed up. The explicit form of the above Hamilto-
nian is shown to be
H =
∫
dx
{
~
2
2m
∂xΨˆ
†
α · ∂xΨˆα +
c¯0 + c¯2
2
[
Ψˆ†1Ψˆ
†
1Ψˆ1Ψˆ1
+ Ψˆ†−1Ψˆ
†
−1Ψˆ−1Ψˆ−1 + 2Ψˆ
†
0Ψˆ0(Ψˆ
†
1Ψˆ1 + Ψˆ
†
−1Ψˆ−1)
]
+ (c¯0 − c¯2)Ψˆ†1Ψˆ†−1Ψˆ−1Ψˆ1 +
c¯0
2
Ψˆ†0Ψˆ
†
0Ψˆ0Ψˆ0
+ c¯2
[
Ψˆ†1Ψˆ
†
−1Ψˆ0Ψˆ0 + Ψˆ
†
0Ψˆ
†
0Ψˆ−1Ψˆ1
]}
, (6)
where the following expression of spin-1 matrices f =
{fx, fy, fz}T is employed,
fx =
1√
2

 0 1 01 0 1
0 1 0

 , fy = i√
2

 0 −1 01 0 −1
0 1 0

 ,
fz =

 1 0 00 0 0
0 0 −1

 . (7)
In the mean-field theory of BECs, the three-component
condensate wave function Φ(x, t) is obtained by
Φ(x, t) ≡ 〈Ψˆ(x, t)〉
= {Φ1(x, t),Φ0(x, t),Φ−1(x, t)}T , (8)
which is normalized to the total number of atoms NT:∫
dxΦ(x, t)† ·Φ(x, t) = NT. (9)
The time-evolution of spinor condensate wave function
Φ(x, t) can be derived from the variational principle:
i~∂tΦα(x, t) =
δEGP
δΦ∗α(x, t)
, (10)
where the Gross–Pitaevskii energy functional is given by
EGP =
∫
dx
{
~
2
2m
∂xΦ
∗
α · ∂xΦα +
c¯0 + c¯2
2
[
|Φ1|4 + |Φ−1|4
+ 2|Φ0|2(|Φ1|2 + |Φ−1|2)
]
+ (c¯0 − c¯2)|Φ1|2|Φ−1|2
+
c¯0
2
|Φ0|4 + c¯2(Φ∗1Φ∗−1Φ20 +Φ∗02Φ1Φ−1)
}
. (11)
Substituting eq.(11) into eq.(10), we get a set of equa-
tions for the spinor condensate wave functions:
i~∂tΦ1 = − ~
2
2m
∂2xΦ1 + (c¯0 + c¯2){|Φ1|2 + |Φ0|2}Φ1
+ (c¯0 − c¯2)|Φ−1|2Φ1 + c¯2Φ∗−1Φ20,
i~∂tΦ0 = − ~
2
2m
∂2xΦ0 + (c¯0 + c¯2){|Φ1|2 + |Φ−1|2}Φ0
+ c¯0|Φ0|2Φ0 + 2c¯2Φ∗0Φ1Φ−1,
i~∂tΦ−1 = − ~
2
2m
∂2xΦ−1 + (c¯0 + c¯2){|Φ−1|2 + |Φ0|2}Φ−1
+ (c¯0 − c¯2)|Φ1|2Φ−1 + c¯2Φ∗1Φ20. (12)
To analyze the dynamical properties of these coupled
system, we employ the integrable model found in ref. 23.
We consider the system with the integrable condition
of coupling constants c¯0 = c¯2 ≡ −c < 0, equivalently
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scattering lengths 2a0 = −a2 > 0. This situation cor-
responds to attractive mean-field interaction and ferro-
magnetic spin-exchange interaction. The effective inter-
actions between atoms in a BEC can be tuned with the
so-called Feshbach resonance.25, 26 Moreover, alternative
techniques, which do not affect the rotational symme-
try of the internal spin states, such as optically induced
Feshbach resonance27–29 are available.
In the dimensionless form: Φ → {φ1,
√
2φ0, φ−1}T ,
where time and length are measured respectively in units
of t¯ = ~a⊥/c and x¯ = ~
√
a⊥/2mc, we rewrite eqs.(12)
as follows,
i∂tφ1 = −∂2xφ1 − 2{|φ1|2 + 2|φ0|2}φ1 − 2φ∗−1φ20,
i∂tφ0 = −∂2xφ0 − 2{|φ−1|2 + |φ0|2 + |φ1|2}φ0 − 2φ∗0φ1φ−1,
i∂tφ−1 = −∂2xφ−1 − 2{|φ−1|2 + 2|φ0|2}φ−1 − 2φ∗1φ20. (13)
These coupled equations are equivalent to a 2× 2 matrix
version of nonlinear Schro¨dinger (NLS) equation:
i∂tQ+ ∂
2
xQ+ 2QQ
†Q = O , (14)
with an identification,
Q =
(
φ1 φ0
φ0 φ−1
)
. (15)
Since the matrix NLS equation (14) is completely inte-
grable,30 the integrability of the reduced equations (13)
are proved automatically.23 Remark that the general
M × L matrix NLS equation is also integrable.30 It is
worthy to search other integrable models for higher spin
case. We will discuss such possibilities in a separate pa-
per.
We also mention another reduction:
Q =
(
q1 q2
0 0
)
. (16)
This gives rise to intensity-coupled NLS equations known
as the Manakov model:31
i∂tq1 + ∂
2
xq1 + 2(|q1|2 + |q2|2)q1 = 0,
i∂tq2 + ∂
2
xq2 + 2(|q1|2 + |q2|2)q2 = 0, (17)
which are used to describe the interaction among the
modes in nonlinear optics, e.g., in the case of birefrin-
gent and other two-mode fibers.32 The extension of the
Manakov model (17) to the general m-component case
is straightforward. Recently, N -soliton collisions in this
model have been analyzed in detail.33 It should be noted
that by rescaling these two fields q1, q2 appropriately, one
can introduce the coupling coefficients in the nonlinear
terms. However, possible choices of the coefficients that
keep the integrability of the system are highly restricted
according to the Painleve´ analysis.34 For example, one
can apply the integrable equations (17) to a binary BEC9
only if both the inter-species coupling and intra-species
coupling coincide. Therefore, in the Manakov model (17),
two (or more in the general case) components are cou-
pled equally with each other. On the other hand, in our
spinor model (13), it is obvious that 0 component and
±1 components play different roles; this difference will
lead to new types of the soliton solutions and the unique
spin dynamics.
In the following, we shall exploit the exact solution
technique which enables us to solve the initial value prob-
lem of the coupled system (14) with (15) and obtain the
exact soliton solutions.
3. Inverse Scattering Method
In this section, some useful results obtained by the
inverse scattering method (ISM) are briefly summarized.
We derive an explicit formula for the soliton solution of
the 2×2 matrix version of NLS equation (14) with eq.(15)
by considering a reduction of a formula in ref. 30.
Under the vanishing boundary conditions, we apply
the ISM to the nonlinear time evolution equation (14)
associated with the generalized Zakharov–Shabat eigen-
value problem:
∂x
(
ΨI
ΨII
)
=
1
2
(
k∗I 2Q
−2Q −k∗I
)(
ΨI
ΨII
)
. (18)
Here ΨI and ΨII take their values in 2× 2 matrices. The
complex number k is the spectral parameter. I is the
2 × 2 unit matrix. The 2 × 2 matrix Q plays a role as a
potential function in this linear system.
The general N -soliton solution of eq.(14) with eq.(15)
is expressed as30
Q(x, t) = ( I I · · · I︸ ︷︷ ︸
N
)S−1


Π1e
χ1
Π2e
χ2
...
ΠNe
χN

 , (19)
where the 2N × 2N matrix S is given by
Sij = δijI +
N∑
l=1
Πi ·Π†l
(ki + k∗l )(kj + k
∗
l )
eχi+χ
∗
l , (20)
1 ≤ i, j ≤ N.
Here we have introduced the following parameterizations:
Πj =
(
βj αj
αj γj
)
,
χj ≡ χj(x, t) = kjx+ ik2j t− ǫj. (21)
We explain notations and their significance. The 2 × 2
matrices Πj normalized to unity in a sense of the square
norm,
||Πj ||2 ≡
√
2|αj|2 + |βj |2 + |γj |2 = 1, (22)
must take the same form as Q from their definition. We
call them “polarization matrices” as usual in the Man-
akov model. In the spinor model, the polarization matri-
ces determine both the populations of three components
{1, 0, −1} within each soliton and the relative phases be-
tween them. The complex constants kj denote discrete
eigenvalues, each of which determines a bound state by
the potential Q. ǫj are real constants which can be used
to tune the initial displacements of solitons. It is worth
noting that all x and t dependence is only through the
variables χj(x, t). As we shall see in section 4, the real
part of χj(x, t) represents the coordinate for observing
soliton-j’s envelope while the imaginary part of it rep-
resents the coordinate for observing soliton-j’s carrier
waves.
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Equation (14) is a completely integrable system whose
initial value problems can be solved via, for example,
the ISM. The existence of the r-matrix for this system
guarantees the existence of an infinite number of conser-
vation laws which restrict the dynamics of the system in
an essential way. Here we show explicit forms of some
conserved quantities, i.e., total number, total spin, total
momentum and total energy.
total number: NT =
∫
dxn(x, t) ; (23)
n(x, t) = Φ† ·Φ = tr{Q†Q}. (24)
total spin: FT =
∫
dx f(x, t) ; (25)
f(x, t) = Φ† ·f ·Φ = tr{Q†σQ}. (26)
total momentum: PT =
∫
dx p(x, t) ; (27)
p(x, t) = −i~Φ† · ∂xΦ = −i~ · tr{Q†Qx}. (28)
total energy: ET =
∫
dx e(x, t) ; (29)
e(x, t) =
~
2
2m
∂xΦ
† · ∂xΦ− c
2
[
n(x, t)2 + f(x, t)2
]
= c · tr{Q†xQx −Q†QQ†Q}. (30)
Here tr{·} denotes the matrix trace. In eq.(26), the ex-
pression (7) and the Pauli matrices σ = (σx, σy, σz)T are
used. These conservation laws can be proved by a direct
calculation. For a complete set of the conserved densities
and the recursion formula for them, see discussion in ref.
30.
4. Spin State of One-Soliton Solution
In this section, we discuss one-soliton solution and the
classification of its spin states in the spinor model. If we
set N = 1 in the formula (19), we obtain the one-soliton
solution:
Q =
eχ
detS
(
β + γ∗e2χR+ρdetΠ α− α∗e2χR+ρdetΠ
α− α∗e2χR+ρdetΠ γ + β∗e2χR+ρdetΠ
)
,
(31)
where
detS = 1 + e2χR+ρ + e4χR+2ρ|detΠ|2, (32)
eρ/2 ≡ 1
2kR
, Π ≡
(
β α
α γ
)
, (33)
χR ≡ χR(x, t) = kR(x− 2kIt)− ǫ, (34)
χI ≡ χI(x, t) = kIx+ (k2R − k2I )t. (35)
We have omitted the subscripts of the soliton number.
Here and henceforth, the subscripts R and I denote real
and imaginary parts, respectively. Throughout this sec-
tion, we set kR > 0 without loss of generality. In a dif-
ferent form:
Q = 2kR
Πe−(χR+ρ/2) +
(
σyΠ†σy
)
eχR+ρ/2detΠ
e−(2χR+ρ) + 1 + e2χR+ρ|detΠ|2 e
iχI , (36)
we can make out the significance of each parame-
ter/coordinate as follows,
Π : polarization matrix of soliton
kR : amplitude of soliton
2kI : velocity of soliton’s envelope
χR : coordinate for observing soliton’s envelope
χI : coordinate for observing soliton’s carrier waves.
A few comments will be made on those points pertinent
to this list. We use the term “amplitude” to indicate the
peak(s) height of soliton’s envelope. Actual amplitude
should be represented as kR multiplied by a factor from
1 to
√
2 which is determined by the type of polarization
matrices. The explicit form will be shown later. As men-
tioned before, soliton’s motion depends on both x and
t via variables χR and χI, from which we can see the
meaning of velocity of soliton.
From a total spin conservation, one-soliton solution
can be classified by the spin states. We shall show
that the only two spin states are allowable, i.e., FT =
(0, 0, 0)T for detΠ 6= 0, and |FT| = NT for detΠ = 0.
Substituting eqs.(31)–(35) into eq.(26), we obtain the
local spin density of the one-soliton solution:
f(x, t) =
e2χR
(detS)2
(
1− e4χR+2ρ|detΠ|2) tr{Π†σΠ}. (37)
We also give the explicit form of the number density:
n(x, t) =
e2χR
(detS)2
{
1 +
(
4e2χR+ρ + e4χR+2ρ
) |detΠ|2} .
(38)
To clarify the physical meaning of detΠ, we define here
another important local density as
Θ(x, t) ≡ Φ20 − 2Φ1Φ−1 = −2 detQ. (39)
This quantity measures the formation of singlet pairs.
Note that these “pairs” are distinguished from Cooper
pairs of electrons or those of 3He owing to the different
statistical properties of ingredient particles.18, 20 Since
Θ(x, t) does not contribute to the magnetization of the
soliton, it is invariant under any spin rotation.19 As far as
ground state properties are concerned, it is not necessary
to introduce Θ(x, t) for a system of spin-1 bosons, while
a counterpart to eq.(39) plays a crucial role for spin-2
case.18–20 However, as we shall show later, it is useful to
characterize solitons within energy degenerated states.
In the case of the one-soliton solution (31), the singlet
pair density is proportional to the determinant of the
polarization matrix Π,
Θ(x, t) = −2 e
2χ
detS
detΠ. (40)
This suggests that det Π represents the magnitude of the
singlet pairs locally. For the general case, however, this
singlet pair density can vary after each collision of soli-
tons and is not the conserved density. The detail will be
discussed at the end of this section and also in §5.2. Now,
we classify spin states of the one-soliton solution into two
distinct cases depending on the values of detΠ.
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4.1 Ferromagnetic state
Let detΠ = 0, then eq.(31) becomes a simple form:
Q = kRsech(χR + ρ/2)Πe
iχI . (41)
Now all of mF = 0, ±1 components share the same wave
function. Their distribution in the internal state reflects
the elements of the polarization matrix Π directly. One
can clearly see the meaning of each parameter listed
above. By definition, the singlet pair density (40) van-
ishes everywhere. Thus, this type of soliton belongs to
the ferromagnetic state and will be referred to as a ferro-
magnetic soliton. The total number of atoms is obtained
by integrating eq.(38) as NT = 2kR. The total spin (25)
becomes
FT = 2kR

 2Re{α∗(β + γ)}−2 Im{α∗(β − γ)}
|β|2 − |γ|2

 , |FT| = NT, (42)
which is connected to F′T = 2kR(0, 0, 1)
T through a
gauge transformation and a spin rotation.
Next, we calculate the total momentum and the total
energy of the ferromagnetic soliton. Substituting eq.(41)
into eqs.(27), (29), and using detΠ = 0, we obtain
P fT = −i~k2R
∫
dx {ikI − kR tanh(χR + ρ/2)}
× sech2(χR + ρ/2)
= NT~kI, (43)
EfT = ck
2
R
∫
dx
[
k2R
{
2 tanh2(χR + ρ/2)− 1
}
+ k2I
]
× sech2(χR + ρ/2)
= NTc
(
k2I −
k2R
3
)
, (44)
respectively.
4.2 Polar state
If detΠ 6= 0, the local spin density has one node, i.e.,
f(x0, t) = 0 at a point:
x0 = 2kIt+
1
2kR
(
ln
4k2R
|detΠ| + 2ǫ
)
, (45)
for each moment t. Setting x′ = x − x0 and A−1 ≡
2| detΠ|, we get
f(x′) = − 4k
2
RA sinh(2kRx
′)[
cosh(2kRx′) + A
]2

 2Re{α∗(β + γ)}−2 Im{α∗(β − γ)}
|β|2 − |γ|2

 .
(46)
Since each component of the local spin density is an odd
function of x′, its average value is zero,
FT =
∫
dx′ f(x′) =

 00
0

 . (47)
This implies that this type of soliton, on the average, be-
longs to the polar state.15 Let us also rewrite the number
density (38) as
n(x′) =
4k2R [A cosh 2kRx
′ + 1]
[cosh 2kRx′ +A]
2 . (48)
To elaborate on this type of soliton, we further divide
into two cases.
(i) A−1 = 2| detΠ| = 1 (αβ∗ + α∗γ=0).
Under this constraint, we find the local spin (46) itself
vanishes everywhere. Solitons in this state possess the
symmetry of polar state locally. We, therefore, refer to
only those solitons as polar solitons in this paper. Con-
sidering eq.(36) with the above condition, we recover a
normal sech-type soliton solution:
Q =
√
2kRsech(kRx
′)ΠeiχI . (49)
Note that the amplitude of soliton is different from that
of the ferromagnetic soliton, which leads to a relation
between the total number and the spectral parameter as
NT = 4kR. The total momentum and the total energy
are given by P pT = NT~kI, E
p
T = NTc
(
k2I − k2R/3
)
, re-
spectively. The difference between ferromagnetic soliton
energy and polar soliton energy with the same number
of atoms NT is
EfT − EpT = −
N3Tc
16
< 0, (50)
which is a natural consequence of the ferromagnetic
interaction, i.e., c2 < 0.
(ii) A−1 = 2| detΠ| < 1.
In this case, the local spin retains nonzero value, al-
though the average spin amounts to be zero. The den-
sity profile has a complicated form as eq.(48). Note that
when A > 2, a peak of the density splits into two (Fig.1)
due to different density profiles of mF = 0, ±1 compo-
nents. For a large value of A, viz., when detΠ gets close
to zero, such twin peaks separate away. In consequence,
they behave as if a pair of two distinct ferromagnetic soli-
tons with antiparallel spins, traveling in parallel with the
same velocity and the amplitudes half as much as that
of the polar soliton (A = 1) in the density profile (see
the inset of Fig.1 and Fig.2). Hence, solitons of this type
will be referred to as split solitons. The total number is
the same as (i) case, NT = 4kR, which can be shown
by changing a variable y = tanh(kRx
′) and evaluating a
−6 −4 −2 0 2 4 6
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Fig. 1. The density profiles of eq.(48). We set kR = 0.5, and
A = 1 (solid line), 2 (dashed line), 5 (dash-dot line), 20 (dotted
line). The inset shows a split soliton for A = 104, consisting of
two ferromagnetic like solitons with the same velocity.
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Fig. 2. The density profiles of eq.(48) (solid line) for kR = 0.5
and A = 104, and the three components, mF = 0 (dashed line),
mF = 1 (dotted line) and mF = −1 (dash-dot line) are shown
simultaneously.
definite integral:∫ 1
−1
dy
(A+ 1) + y2(A− 1)
[(A+ 1)− y2(A− 1)]2 = 1. (51)
By use of the similar definite integrals, the total mo-
mentum and the total energy are shown to be the same
values as those in the case (i): P sT = NT~kI, E
s
T =
NTc
(
k2I − k2R/3
)
. This degeneracy is ascribed to the inte-
grable condition for the coupling constants, i.e., c0 = c2.
Comparing case (i) with case (ii), we find that a variety
of dissimilar shaped solitons are degenerated in the polar
state. To characterize them, we can use, instead of A
itself, a physical quantity defined as
S ≡
∫
dx|Θ(x, t)|
= NT
2 tan−1
(√
A−1
A+1
)
√
A2 − 1 , (52)
which is a monotone decreasing function of A ∈ [1, ∞);
the maximum value, NT, at A = 1 (polar soliton) and
limiting to 0 in A → ∞ (ferromagnetic soliton). In this
sense, S has the meaning as the “total singlet pairs” of
the whole system. As noted above, S is not the conserved
quantity in general (N ≥ 2); all the conserved densities
should be expressed by the matrix trace of products of
Q†, Q and their derivatives30 as eqs.(24), (26), (28), and
(30) while |Θ(x, t)| is not. Nevertheless, S can be used
to label solitons in the polar state because it dose not
change in the meanwhile prior to the subsequent colli-
sion.
5. Two-Soliton Collision and Scattering Law
In this section, we analyze two-soliton collisions in the
spinor model. The two-soliton solution can be obtained
by setting N = 2 in eq.(19). The derivation is straight-
forward but rather lengthy. We give a general formula
of the two-soliton solution in Appendix and, here, com-
pute asymptotic forms of specific two-soliton solutions as
t→ ∓∞, which define the collision laws of two-soliton in
the spinor model. For simplicity, we restrict the spectral
parameters to regions:
k1R > 0, k2R < 0,
k1I < 0, k2I > 0. (53)
Under the conditions, we calculate the asymptotic forms
in the final state (t → ∞) from those in the initial
state (t→ −∞). Since each soliton’s envelope is located
around x ≃ 2kjIt, soliton-1 and soliton-2 are initially
isolated at x→ ±∞, and then, travel to the opposite di-
rection at a velocity of 2k1I and 2k2I, respectively. After
a head-on collision, they pass through without changing
their velocities and arrive at x→ ∓∞ in the final state.
Collisional effects appear not only as usual phase shifts
of solitons but also as a rotation of their polarization.
According to the classification of one-soliton solu-
tions in the previous section, we choose the following
three cases: (1) polar-polar solitons collision, (2) polar-
ferromagnetic solitons collision, and (3) ferromagnetic-
ferromagnetic solitons collision. As we shall see later, the
polar soliton dose not affect the polarization of the other
solitons apart from the total phase factor. On the other
hand, ferromagnetic solitons can ‘rotate’ their partners’
polarization, which allows for switching among the inter-
nal states.
5.1 Polar-polar solitons collision
We first deal with a collision between two polar soli-
tons defined by kj and Πj (j = 1, 2) with the conditions
(53) and | detΠ1| = | detΠ2| = 1/2. In the asymptotic
regions, we can consider each soliton separately. Thus,
the initial state is given by the sum of two polar solitons
as
Q ≃ Qin1 +Qin2 , (54)
where the asymptotic form of soliton-j (j = 1, 2) is
Qinj =
√
2kjRsech(χjR + ρj/2)Πje
iχjI . (55)
These can be proved by taking the limit χ2R → −∞
with keeping χ1R finite and, vice versa, χ1R → −∞ with
χ2R fixed. Phase factors which come from the values of
| detΠj | are absorbed by the arbitrary constants ǫj inside
χjR. In the final state, the opposite limit χ2R →∞ with
keeping χ1R finite and χ1R →∞ with |χ2R| <∞ yield
Q ≃ Qfin1 +Qfin2 , (56)
where
Qfinj =
√
2kjRsech (χjR + ρj/2 + r) Πje
i(χjI+σj), (57)
with
r = 2 ln
∣∣∣∣k1 − k2k1 + k∗2
∣∣∣∣ , (58)
σ1 = 2 arg
(
k1 − k2
k1 + k∗2
)
, σ2 = 2 arg
(
k2 − k1
k2 + k∗1
)
. (59)
Equations (55) and (57) are the same form as polar
one-soliton solution (49). Collisional effects appear only
in the position shift (58) and the phase shifts (59). Thus,
the partial number Nj , spin Fj , momentum Pj , and en-
ergy Ej are defined for the asymptotic form of soliton-
j and calculated in the same manner as the previous
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section. The integrals of motion are represented by the
sum of those quantities for each soliton. Moreover, we
can prove Nj = 4|kjR|, |Fj | = 0, Pj = Nj~kjI, and
Ej = Njc(k
2
jI−k2jR/3) themselves are conserved through
the collision. In this sense, the polar-polar collision is
basically the same as that of the single-component NLS
equation.
5.2 Polar-ferromagnetic solitons collision
Under the condition (53), we set soliton 1 to be polar
soliton (| detΠ1| = 1/2), and soliton 2 to be ferromag-
netic soliton (| detΠ2| = 0). Then, the initial state is
represented by eq.(54) with
Qin1 =
√
2k1Rsech(χ1R + ρ1/2)Π1e
iχ1I ,
Qin2 = k2Rsech(χ2R + ρ2/2)Π2e
iχ2I . (60)
The final state is given by eq.(56) with
Qfin1 = 2k1Re
iχ1I
× Π˜1e
−(χ1R+ρ1/2+δ) +
(
σyΠ˜
†
1σy
)
detΠ˜1e
χ1R+ρ1/2+δ
e−(2χ1R+ρ1+2δ) + 1 + e2χ1R+ρ1+2δ| det Π˜1|2
,
Qfin2 = k2Rsech (χ2R + ρ2/2 + r) Π2e
i(χ2I+σ2). (61)
Here we have defined
e2δ =
∣∣∣∣k1 − k2k1 + k∗2
∣∣∣∣2
×
{
1 +
(k1 + k
∗
1)
2(k2 + k
∗
2)
2
|k1 + k∗2 |2|k1 − k2|2
∣∣tr(Π1Π†2)∣∣2
}
, (62)
Π˜1 = e
−δ
{
Π1 − k2 + k
∗
2
k1 + k∗2
(
Π1Π
†
2Π2 +Π2Π
†
2Π1
)
+
(
k2 + k
∗
2
k1 + k∗2
)2
tr
(
Π1Π
†
2
)
Π2
}
, (63)
and also used eqs.(58), (59). Normalization of the new
polarization matrix (63) turns to be unity, ||Π˜1||2 = 1.
The determinant of it becomes
det Π˜1 = e
−2δ
(
k1 − k2
k1 + k∗2
)2
detΠ1. (64)
We can see clearly that the initial polar soliton breaks
into a split type (A˜1 ≡ (2| det Π˜1|)−1 > 1) after the colli-
sion with a ferromagnetic one. Only when
∣∣tr(Π1Π†2)∣∣ = 0
(in this case, the spinor wavefunctions of two initial soli-
tons are orthogonal), we have A˜1 = 1. Then, eqs.(60) are
reduced to
Qfin1 =
√
2k1Rsech (χ1R + ρ1/2 + r)Π1e
i(χ1I+σ1),
Qfin2 = k2Rsech (χ2R + ρ2/2 + r) Π2e
i(χ2I+σ2). (65)
which means that the polar soliton keeps its shape after
the collision and shows no mixing among the internal
states except for the total phase shift. On the other hand,
because of the total spin conservation, the ferromagnetic
soliton always retains its polarization matrix and shows
only the position and phase shifts similar to those of the
polar-polar case.
In Fig. 3, we have density plots of a polar-
ferromagnetic collision with the parameters shown in the
Fig. 3. Density plots of |φ0|2 (top) and |φ±1|2 (bottom) for a
polar-ferromagnetic collision. Soliton 1 (left mover) is a polar
soliton and soliton 2 (right mover) is a ferromagnetic soliton. The
parameters used here are k1 = 0.25 − 0.25i, k2 = −0.5 + 0.25i,
α1 = 0, β1 = γ1 = 1/
√
2, α2 = β2 = γ2 = 1/2.
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0
0.05
0.1
x
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2 initial state−20 −10 0 10 20
0
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0.1
x
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2 final state
Fig. 4. Density plots of |φ0|2 (dots) and |φ±1|2 (solid line) in the
initial state (bottom) and the final state (top) of Fig. 3.
caption. These pictures correspond to each component
of the exact two-soliton solution (A·9) for one collisional
run. For simplicity, we choose the parameters to have
|φ1| = |φ−1|. Figure 4 shows the overlap of |φ0|2 and
|φ±1|2 in the initial state (60) and in the final state
(61). The polar soliton (soliton 1) initially prepared in
mF = ±1 are switched into a soliton with a large popu-
lation in mF = 0 and the remnant of mF = ±1 after the
collision. Through the collision, the ferromagnetic soliton
(soliton 2) plays only a switcher, showing no mixing in
the internal state of itself outside the collisional region,
as clearly seen in eq.(61). In general, this kind of a drastic
internal shift of polar soliton is likely observed for large
values of
∣∣tr(Π1Π†2)∣∣ which appears in eqs.(62), (63). Al-
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though all the conserved quantities such as the number
of particles and the averaged spin of individual solitons
are invariant during this type of collision, the fraction of
each component can vary not only in each soliton level
but also in the total after the collision. This contrasts to
an intensity coupled multi-component system in which
the total distribution among all components is invariant
throughout soliton collisions.
5.3 Ferromagnetic-ferromagnetic solitons collision
As an instructive example, we already discussed the
collision between two ferromagnetic solitons (det Π1 =
detΠ2 = 0) in ref. 23. In this subsection, we recapitulate
it for completeness of this paper and extend the analysis
of the spin-precession dynamics to the general case.
The asymptotic forms are obtained for the initial state,
Q ≃ Qin1 +Qin2 where
Qinj = kjRsech(χjR + ρj/2)Πje
iχjI . (66)
and for the final state, Q ≃ Qfin1 +Qfin2 where
Qfinj = kjRsech (χjR + ρj/2 + s) Π˜je
iχjI . (67)
Here we have defined
s = ln
{
1− (k1 + k
∗
1)(k2 + k
∗
2)
|k1 + k∗2 |2
∣∣tr(Π1Π†2)∣∣
}
, (68)
and, for (j, l) = (1, 2) or (2, 1),
Π˜j = e
−s
{
Πj − kl + k
∗
l
kj + k∗l
(
ΠjΠ
†
lΠl +ΠlΠ
†
lΠj
)
+
(
kl + k
∗
l
kj + k∗l
)2
tr
(
ΠjΠ
†
l
)
Πl
}
, (69)
which are shown to be normalized in unity, ||Π˜j ||2 = 1.
Each polarization matrix Πj of a ferromagnetic soliton
can be expressed by three real variables τj , θj, ϕj as
Πj = e
iτj

 cos2
θj
2
e−iϕj cos
θj
2
sin
θj
2
cos
θj
2
sin
θj
2
sin2
θj
2
eiϕj

 . (70)
In this expression, the polarization matrices in the initial
state Πj and in the final state Π˜j are given by
Πj = e
iτjuj · uTj , (71)
Π˜j = e
−s+iτj u˜j · u˜Tj , (72)
where, with (j, l) = (1, 2), (2, 1),
uj =

 cos
θj
2
e−i
ϕj
2
sin
θj
2
ei
ϕj
2

 , (73)
u˜j = uj − kl + k
∗
l
kj + k∗l
(
u
†
l · uj
)
ul. (74)
This defines the collision law for the ferromagnetic-
ferromagnetic soliton collision. Similar collision laws for
the matrix KdV equation can be found in ref. 35.
We calculate the spins for each soliton to investigate
their collision. It will be interpreted as a spin preces-
sion around the total spin. In the initial state, following
eq.(42), we have the spin of soliton-j as
Fj = 2|kjR|

 sin θj cosϕjsin θj sinϕj
cos θj

 . (75)
Thanks to the scattering law (74), the final state spins
can be obtained through F1,2 by
F˜j = e
−s
[{
1− 2klR(k1R + k2R)|k1 + k∗2 |2
}
Fj
+
k2I − k1I
|k1 + k∗2 |2
(Fj × Fl)
+
{
es − 1 + 2kjR(k1R + k2R)|k1 + k∗2 |2
}
Fl
]
, (76)
where
es = 1 +
|FT|2 − (|F1| − |F2|)2
4|k1 + k∗2 |2
. (77)
The conserved total spin, FT ≡ F1 + F2 = F˜1 + F˜2, is
given by
FT =

 2|k1R| sin θ1 cosϕ1 + 2|k2R| sin θ2 cosϕ22|k1R| sin θ1 sinϕ1 + 2|k2R| sin θ2 sinϕ2
2|k1R| cos θ1 + 2|k2R| cos θ2

 .
(78)
Considering spin rotation around the total spin FT,
we can find ‘rotated spin’ as
Frotj = f
−1(ϕ)h−1(θ)f(ω)h(θ)f(ϕ)Fj , (79)
where
f(ϕ) =

 cosϕ sinϕ 0− sinϕ cosϕ 0
0 0 1

 ,
h(θ) =

 cos θ 0 − sin θ0 1 0
sin θ 0 cos θ

 , (80)
and
cosϕ =
F xT√
(F xT)
2 + (F yT)
2
, sinϕ =
F yT√
(F xT)
2 + (F yT)
2
,
cos θ =
F zT
|FT| , sin θ =
√
(F xT)
2 + (F yT)
2
|FT| . (81)
Then,
Frotj =
1
2
[
{(1 + ∆jl) + (1 −∆jl) cosω)}Fj
+ 2 sinω
(Fj × Fl)
|FT|
+ {(1 + ∆jl)− (1 + ∆jl) cosω}Fl
]
,(82)
where
∆jl =
|Fj |2 − |Fl|2
|FT|2 . (83)
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Fig. 5. Velocity dependence of the rotational angle in spin pre-
cession for the different initial relative angles between two spins,
F = 1 (solid line), 0.5 (dashed line), 0.0157pi (dash-dot line) and
0 (dotted line).
The rotation angle ω is determined by setting Frot1 = F˜1
through eqs. (76) and (82),
cosω =
4(k1I − k2I)2 − |FT|2
4(k1I − k2I)2 + |FT|2 , (84)
sinω =
4(k2I − k1I)|FT|
4(k1I − k2I)2 + |FT|2 . (85)
For the case that the amplitude and velocity of two
ferromagnetic solitons are same, |k1R| = |k2R| ≡ NT /4
and |k1I| = |k2I| = kI, the final state spins F˜j are given
by
F˜j = cos
2 ω
2
Fj + sinω
(Fj × Fl)
|FT | + sin
2 ω
2
Fl, (86)
where (j, l) = (1, 2), (2, 1). The rotation angle ω depends
only on the ratio kI/kR and the magnitude of the nor-
malized total spin F ≡ |FT /NT | as
ω = 2 arccos

[1 + (kR
kI
)2
F2
]−1/2. (87)
The principal value should be taken for the arccosine
function: 0 ≤ arccosx ≤ π.
Setting kI ≫ kR in eq. (87), one gets the small rota-
tion angle, ω ≃ 0. In the opposite case, kI ≪ kR, each
spin of two colliding solitons almost reverses its orienta-
tion, ω ≃ π. Recall that kI is the speed of soliton. We
can understand these phenomena since a slower soliton
spends the longer time inside the collisional region. Fig-
ure 5 shows the velocity dependence of the rotation angle
for various initial normalized spins. When F = 0, which
corresponds to the case of antiparallel spin collision, the
spin precession can not occur as shown by the dotted line
in Fig.5.
In Fig. 6–Fig. 8, we give examples of this type of col-
lisions changing kI, with the other conditions fixed, to
illustrate the velocity dependence. The initial normal-
ized spin for the parameter set given in the captions is
F = 0.5. The rotation angles are ω ≃ 0.2π, 0.5π and
Fig. 6. Density plots of (a) |φ0|2, (b) |φ1|2 and (c) |φ−1|2 for a
fast ferromagnetic-ferromagnetic collision. The parameters used
here are k1 = 0.5 − 0.75i, k2 = −0.5 + 0.75i, α1 = 4/17, β1 =
16/17, γ1 = 1/17, α2 = 4/17, β2 = 1/17, γ2 = 16/17.
Fig. 7. Density plots of (a) |φ0|2, (b) |φ1|2 and (c) |φ−1|2 for
a medium speed ferromagnetic-ferromagnetic collision. The pa-
rameters are the same as those of Fig. 6 except for k1I = −0.25,
k2I = 0.25.
Fig. 8. Density plots of (a) |φ0|2, (b) |φ1|2 and (c) |φ−1|2 for a
slow ferromagnetic-ferromagnetic collision. The parameters are
the same as those of Fig. 6 except for k1I = −0.05, k2I = 0.05.
0.9π for Fig. 6, Fig. 7 and Fig. 8, respectively. The in-
ternal shift φ1 → φ−1, and vice versa, gradually increase
by slowing down the velocity of the solitons.
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6. Conclusions and Discussions
In the present paper, we have studied the soliton prop-
erties in F = 1 spinor Bose–Einstein condensates on the
basis of the integrable model introduced in ref. 23.
The complete classification of the one-soliton solution
has been carried out. There exist two distinct spin states,
ferromagnetic, |FT| = NT and polar, |FT| = 0. In the fer-
romagnetic state, the spatial part and the spinor part of
the soliton decouple (ferromagnetic soliton). In the po-
lar state, dissimilar shaped solitons which we call polar
soliton for f(x) = 0 and split soliton otherwise are ener-
getically degenerate. The polar soliton has one peak and
the space–spinor decoupling holds. On the other hand, a
split soliton consists of twin peaks and the profiles of the
three components are different. Changing the polariza-
tion parameters, one may control the distance between
these peaks continuously.
These properties remind us of the Sasa–Satsuma
higher-order nonlinear Schro¨dinger (HNLS) equation,
which is a unique soliton equation generating solitons
with two peaks. In fact, the spinor model and the Sasa–
Satsuma model, though the former is three-component
and the latter is one-component, have exactly the same
form of the envelope, i.e., the density (48). (See also
eq.(52a) in ref. 36.) The relation between the multi-
component NLS equation and the one-component HNLS
equation is interesting and remains as a future problem.
We have also shown explicit two-soliton solutions
which rule collisional phenomena of the multiple solitons.
Specifying the initial conditions, we have demonstrated
two-soliton collisions in three characteristic cases: polar-
polar, polar-ferromagnetic, ferromagnetic-ferromagnetic.
In their collisions, the polar soliton is always “passive”
which means that it can not rotate its partner’s polar-
ization while the ferromagnetic soliton does. Thus, in the
polar-ferromagnetic collision, one can use the polar soli-
ton as a signal and ferromagnetic soliton as a switch to
realize a coherent matter-wave switching device. Colli-
sion of two ferromagnetic solitons can be interpreted as
the spin precession around the total spin. The rotation
angle depends on the total spin, amplitude and velocity
of the solitons. Only varying the velocity induces drastic
change of the population shifts among the components.
Remark that in current experimental setups,22 the ini-
tial population among the three components can be con-
trolled by magnetic field gradients during preparing con-
densates. The components overlapping in solitons can be
spatially separated by applying a weak Stern–Gerlach
field before a time-of-flight measurement. We hope that
those phenomena predicted in this work are observed in
experiments and open up a variety of applications in co-
herent atom transport, and quantum information.
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Appendix: Two-Soliton Solution of Spinor Model
In this appendix, we write out general two-soliton solution given by (19) with N = 2. According to (20), the
matrix S in this case takes the form:
S =

 I +
M11
k1 + k∗1
eχ1+χ
∗
1 +
M12
k1 + k∗2
eχ1+χ
∗
2
M11
k2 + k∗1
eχ1+χ
∗
1 +
M12
k2 + k∗2
eχ1+χ
∗
2
M21
k1 + k∗1
eχ2+χ
∗
1 +
M22
k1 + k∗2
eχ2+χ
∗
2 I +
M21
k2 + k∗1
eχ2+χ
∗
1 +
M22
k2 + k∗2
eχ2+χ
∗
2

 , (A·1)
where 2× 2 matrices Mij are
Mij =
(
κij λij
µij νij
)
, (A·2)
with
κij =
αiα
∗
j + βiβ
∗
j
ki + k∗j
, λij =
αiγ
∗
j + βiα
∗
j
ki + k∗j
, µij =
γiα
∗
j + αiβ
∗
j
ki + k∗j
, νij =
αiα
∗
j + γiγ
∗
j
ki + k∗j
. (A·3)
Here the elements of the polarization matrices αj , βj , γj , and the spectral parameters kj are determined by the
initial state (t→ −∞). Recall that all x and t dependence is only through the complex coordinates χj = χj(x, t).
The determinant of (A·1) is
detS = 1 +
∑
j,l
Ajle
χj+χ
∗
l +
∑
i,j,k,l
Bijkle
χi+χ
∗
j+χk+χ
∗
l
+
∑
i,j,k,l
Cijkle
2χi+2χ
∗
j+χk+χ
∗
l +De2(χ1+χ
∗
1
+χ2+χ
∗
2
), (A·4)
where
Aij =
trMjl
kj + k∗l
, (A·5)
Bijkl =
det
(
κij λij
µkl νkl
)
+ 12 {tr(MijMkl)− tr(MilMkj)}
(ki + k∗j )(kk + k
∗
l )
, (A·6)
Cijkl =
1
ki + k∗j
{
1
(ki + k∗j )(kk + k
∗
l )
− 1
(ki + k∗l )(kk + k
∗
j )
}
×

det

 Mij λilνil
µkj νkj νkl

 + det

 κkl κkj λkjκil
µil
Mij



 , (A·7)
D =
{ |k1 − k2|2
(k1 + k∗1)(k2 + k
∗
2)|k1 + k∗2 |2
}2
det
(
M11 M12
M21 M22
)
. (A·8)
Then, the two-soliton solution is given by
Q =
1
detS
{
(S˜11 + S˜21)Π1e
χ1 + (S˜12 + S˜22)Π2e
χ2
}
=
1
detS
{(
(S˜1111 + S˜
11
21)β1 + (S˜
12
11 + S˜
12
21)α1 (S˜
11
11 + S˜
11
21)α1 + (S˜
12
11 + S˜
12
21)γ1
(S˜2111 + S˜
21
21)β1 + (S˜
22
11 + S˜
22
21)α1 (S˜
21
11 + S˜
21
21)α1 + (S˜
22
11 + S˜
22
21)γ1
)
eχ1
+
(
(S˜1112 + S˜
11
22)β2 + (S˜
12
12 + S˜
12
22)α2 (S˜
11
12 + S˜
11
22)α2 + (S˜
12
12 + S˜
12
22)γ2
(S˜2112 + S˜
21
22)β2 + (S˜
22
12 + S˜
22
22)α2 (S˜
21
12 + S˜
21
22)α2 + (S˜
22
12 + S˜
22
22)γ2
)
eχ2
}
. (A·9)
Here we use the tilde to denote cofactors. The cofactor S˜klij is obtained by deleting the (2i+ k − 2)-th row and the
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(2j + l − 2)-th column in the determinant of S and multiplying it by (−1)k+l. For instance, the cofactors S˜1l1j read
S˜1111 = 1 +
∑
j=1,2
{
ν1j
k1 + k∗j
eχ1+χ
∗
j +
trM2j
k2 + k∗j
eχ2+χ
∗
j +
detM2j
(k2 + k∗j )
2
e2χ2+2χ
∗
j
}
+
∑
j=1,2
κ2jν1j − λ2jµ1j
(k1 + k∗j )(k2 + k
∗
j )
eχ1+χ2+2χ
∗
j +
κ21ν22 − λ21µ22 + κ22ν21 − λ22µ21
(k2 + k∗1)(k2 + k
∗
2)
e2χ2+χ
∗
1
+χ∗
2
+
{
κ22ν11 − λ21µ12 + ν11ν22 − ν12ν21
(k1 + k∗1)(k2 + k
∗
2)
+
κ21ν12 − λ22µ11 + ν12ν21 − ν11ν22
(k1 + k∗2)(k2 + k
∗
1)
}
eχ1+χ2+χ
∗
1
+χ∗
2
+
|k1 − k2|2
(k1 + k∗1)(k2 + k
∗
2)|k1 + k∗2 |2
∑
j=1,2
1
k2 + k∗j
det

 ν11 µ1j ν12λ21 κ2j λ22
ν21 µ2j ν22

 eχ1+2χ2+χ∗1+χ∗2+χ∗j , (A·10)
S˜1211 =
∑
j=1,2
{
− λ1j
k1 + k∗j
eχ1+χ
∗
j +
κ1jλ2j − κ2jλ1j
(k1 + k∗j )(k2 + k
∗
j )
eχ1+χ2+2χ
∗
j
}
+
{
κ12λ21 − κ22λ11 + λ12ν21 − λ11ν22
(k1 + k∗1)(k2 + k
∗
2)
+
κ11λ22 − κ21λ12 + λ11ν22 − λ12ν21
(k1 + k∗2)(k2 + k
∗
1)
}
eχ1+χ2+χ
∗
1
+χ∗
2
− |k1 − k2|
2
(k1 + k∗1)(k2 + k
∗
2)|k1 + k∗2 |2
∑
j=1,2
1
k2 + k∗j
det

 λ11 κ1j λ12λ21 κ2j λ22
ν21 µ2j ν22

 eχ1+2χ2+χ∗1+χ∗2+χ∗j , (A·11)
S˜1112 = −
∑
j=1,2
{
κ1j
k2 + k∗j
eχ1+χ
∗
j +
detM1j
(k1 + k∗j )(k2 + k
∗
j )
e2χ1+2χ
∗
j
}
−
∑
j=1,2
κ1jν2j − λ1jµ2j
(k2 + k∗j )(k2 + k
∗
j )
eχ1+χ2+2χ
∗
j − κ11ν22 − λ11µ22 + κ12ν21 − λ12µ21
(k2 + k∗1)(k2 + k
∗
2)
eχ1+χ2+χ
∗
1
+χ∗
2
−
{
κ12ν11 − λ11µ12
(k1 + k∗1)(k2 + k
∗
2)
+
κ11ν12 − λ12µ11
(k1 + k∗2)(k2 + k
∗
1)
}
e2χ1+χ
∗
1
+χ∗
2
− |k1 − k2|
2
(k1 + k∗1)(k2 + k
∗
2)|k1 + k∗2 |2
∑
j=1,2
1
k2 + k∗j
det

 κ1j λ11 λ12µ1j ν11 ν12
µ2j ν21 ν22

 e2χ1+χ2+χ∗1+χ∗2+χ∗j , (A·12)
S˜1212 =
∑
j=1,2
{
− λ1j
k2 + k∗j
eχ1+χ
∗
j +
κ1jλ2j − κ2jλ1j
(k2 + k∗j )(k2 + k
∗
j )
eχ1+χ2+2χ
∗
j
}
+
{
λ11ν12 − λ12ν11
(k1 + k∗1)(k2 + k
∗
2)
+
λ12ν11 − λ11ν12
(k1 + k∗2)(k2 + k
∗
1)
}
e2χ1+χ
∗
1
+χ∗
2
+
κ11λ22 − κ22λ11 + κ12λ21 − κ21λ12
(k2 + k∗1)(k2 + k
∗
2)
eχ1+χ2+χ
∗
1
+χ∗
2
+
|k1 − k2|2
(k1 + k∗1)(k2 + k
∗
2)|k1 + k∗2 |2
∑
j=1,2
1
k2 + k∗j
det

 κ1j λ11 λ12µ1j ν11 ν12
κ2j λ21 λ22

 e2χ1+χ2+χ∗1+χ∗2+χ∗j . (A·13)
The determinant of matrix S (A·4) is a polynomial in eχj and eχ∗j of degree 8, and the cofactors are degree 6,
giving rise to a variety of the scattering processes. This property contrasts to the two-soliton solution of the general
m-component Manakov model, in which the determinant of S and the cofactors are degree 4 and 2, respectively. If
one set detΠj = 0 (j = 1, 2), corresponding to the ferromagnetic state, the determinants in the two higher degree’s
coefficients vanish, and the expansions of detS and S˜klij terminate at degree 4 and 2, respectively.
